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Abstract 
In this paper, we improve the approximation order of the Bernstein interpolation polynomial of the third  
kind based on the zero nodes of the know Tchebyshev polynomial of the second kind. We obtain the appro- 
ximation order in the point estimation form for any continuous functions and for any functions with the first 
order derivative. 
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1. Introduction 
From the known Bernstein Theorem we know that the classical Lagrange interpolation polynomial 
does not converge uniformly to all the interpolated functions. In order to improve its quality of 
convergence, in 1930, Bernstein [1] put forward an interesting question, i.e., for any given values of λ ,
( 21 << λ ) and for any continuous functions, whether is it possible to construct an interpolation 
polynomial with the degree M )( Nλ<
∞→
 such that it is equal to the interpolated function at the given N
points and converges to the interpolated function uniformly as N ? Henceforth, what will be 
interesting is how to construct an interpolation polynomial satisfying the Bernstein’s requirement as 
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)
above and to make the approximation order the best. In 1932, Bernstein [1] himself constructed an o-






Let { }k ,  be the interpolation nodes and let  be the given values of  the 
interpolated function. For the given even integers , the interpolation nodes  are 
divided into l groups according to , namely, , where
x k 1= )( kk xfy =
s2
sl +2
13 −<< nxx L
s2 qn = s  is a positive integer and .
Let
s2q0 <<

























2= sty ,                                                                                                                    
(1.1) 
Therefore,  can be written as Qn
( ) ∑= n
k
xfQ ;n ,                                                                                                                    
(1.2) 
where (),( 21 xx μμ μL  are the basic functions associated with the classical Lagrange interpolation 
polynomial and satisfies kjjk x δμ =)( , in which kjδ  is the Kronecker symbol, namely, 1=jjδ  and 
0=kjδ  as . Obviously, the values of the constructed interpolation polynomia )xn  are equal 
12 +st at the interpolation no 12 +stx )lL,  and are eq o )(xf  at other interpolation 
nodes.In general, the o  ( )xfQn ;  is called the interpolation polynomial of Bernstei










Interestingly, to prove the convergence of the operator  conveniently, the basic functions 
associated with the classical Lagrange interpolation polynomial can be simplified based on the ze-ro 
nodes of orthogonal polynomials. 
( xfQn ;
In [2], the authors drew two conclusions on the interpolation operator Q  based on the zeronodes 
of the know Tchebyshev polynomial of the first kind, as follows. 
n
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(1.3) 












OxfxfQn ω ,                                                                                    
(1.4) 








In this paper, we improve the convergence order of . In particular, we consider the know 
Tchebyshev polynomial of the second kind, i.e., 
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(1.5) 
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π                                                                                                             
(1.6) 
















+μ                                                                                  
(1.7) 
The two obtained conclusions in this paper are as follows. 
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(1.8) 



















OxfxfQn ω .                                                                   
(1.9) 
2. Proof of Theorem 
Proof. 
In this section, we only prove Theorem 2, the proof of Theorem 1 is similar.  
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(2.1) 
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ve                                                                                                                                              
(2.2) 
For any , using the mean-value theorem of differentials, we have 1 ]1,1[)( −∈Cxf
)))((()()( xxxxxfxfxf kkkk −−+′=− θ , nkk L,2,1,10 =<< θ ,                                             (2.3) 
moreover, 
( ) ( )()()()()()(3)(
4
1






1122121 xxxxxxfxxxf μθμξ −−+′+−′+
)()()()(2 3322 xxxxxx μμ −+−+
)()()()( 332112 xxxxxx μμ −+−+ ,                                                                                                   
(2.4) 


















Oxx kkkk μ ,                                                                                
(2.5)  
















Oe .                                                                                                                                  
(2.7) 





For  and , we have 3e 4e
)(16 43 ee +







( ) (∑− ++++ +−′−−+′+ 2 2111 )()(3)()())((n kkkkkkkk xmxmxxxfxxxf ξ
=2k
(∑− ++ ++−′+ 2 21 ))()(2)()(()( n kkkk xmxmxmxxxf
=2k
3)(())()(3)(( 1211 mxxxmxmxx kkkkkk ++++ −++−+ )))()( 21 xmx kk ++ +
( )( )()()()( 322 xmxmxfxf +−+
( )( )()()()( 122 xmxmxfxf nnn −−− +−+
( ) )()()(2 121 xmxfxf nnn −−− −+
4321 hhhh +++= ,                                                                                                                           
(2.8) 






























































π , we have 


















,                                                                                       
(2.12) 
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where 11 −<< kk xx ξ , kk xx <<+ 21 ξ .











μμ ,                                                                                                         
(2.13) 
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(2.14) 




















.                                                                                     
(2.15) 
On Combination of Eqs.(15),(16),(20),(23) and (24) completes the proof of Theorem2. 
References 
[1] Bernstein S.N., On a class of modifying Lagrange interpolation formula,cad Nauk; S.N.Bernstein collect works,2: 130–140, 
1954.(in Russian). 
[2] J.X. He., On an interpolation polynomial of S.N.Berstein Type, Acta Math. Hungar.,70: 293– 303, 1996. 
[3] Varma A. K., On an interpolation process of Bernstein, S. N. Acta Math. Hungar., 31: 81–87, 1978. 
[4] J.X. He., Convergence order of interpolation process by Bernstein polynomials,Acta Math. Hungar., 63: 281–287, 1989. 
